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1. INTRODUCTION

It is well known that the phase of a complex function is
uniquely defined only in the principal value range. Recov-
ering the original phase values from the principal values
is a classic signal processing problem often known as
phase unwrapping. This problem originates in a variety
of applications, such as terrain elevation estimation in
synthetic aperture radar (SAR) (1), field mapping in mag-
netic resonance imaging (MRI) (2), wavefront distortion
measurement in adaptive optics (3), and accurate profiling
of mechanical parts by x-ray. As an example, let us look at
Thomas Young’s interference experiment shown in Fig. 1a,
in which a single source generates two beams through two
slits. Because the beams are correlated and spatially co-
herent, the view screen on the right displays the intensity
of the interfering light waves and shows a series of bright
lines and dark bands as in Fig. 1b. The intensity at a cer-
tain point of the screen depends on the phase f of the in-
terference wave, which is proportional to the path
difference r1� r2 between the two beams traveling from
the slits to the point. Constructive interference occurs,

producing bright bands if

f¼ 2p
r1 � r2

l
¼ 2kp; ð1Þ

where k is an integer and l is the wavelength, whereas
destructive interference occurs, producing dark bands if

f¼ 2p
r1 � r2

l
¼ ð2kþ 1Þp: ð2Þ

Thus, the interference pattern can be used directly to
measure the path difference r1� r2 at any point of the
screen. However, because of the periodic characteristics of
the interfering waves, the phase at a certain point is
uniquely defined only in the principal value range of
(� p, p]. For example, given that the intensity at P in
Fig. 1 is at a maximum, it can be concluded that the path
difference is an integer multiple of the wavelength, but the
integer value cannot be determined without additional in-
formation. Finding the hidden integer is a one-dimension-
al (1-D) phase unwrapping problem. If the slits in Fig. 1a
are changed to pinholes, the interference pattern and the
phase unwrapping problem will become two-dimensional
(2-D). Figures 2a and b show the corresponding 2-D in-
terference pattern and the image of wrapped phase.

1.1. Definitions and Properties

Formally, the phase unwrapping problem can be defined
as given the wrapped phase cA (� p, p], find the ‘‘true’’
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Figure 2. The (a) intensity and the (b) wrapped
phase of a 2-D Young’s interference pattern.

Shankar gkramu / Art No. ebs1356 1^12

1



phase f, which is related to c by

c¼W ðfÞ¼f� 2p
f
2p

� �
; ð3Þ

where W is the wrapping operator and /�S rounds its
argument to the closest integer. Because the wrapping
operation is surjective but not injective, phase unwrap-
ping is mathematically ill posed in general. However, in
practice, the true phase value at a certain point is not in-
dependent of its spatial or temporal context. The latter
can provide additional information to make unwrapping
possible, which is the crux of phase unwrapping. For ex-
ample, in Young’s interference experiment described in
the previous section, by imposing that r1� r2 changes con-
tinuously with y, the integer multiple of 2p to be added to
(for positive y) or subtracted from (for negative y) the
wrapped phase can be determined by counting the number
of bright bands between the reference center and the point
of interest, and thus the phase unwrapping problem is
solved!

1.1.1. One-Dimensional Phase Unwrapping. One-dimen-
sional phase unwrapping can be solved easily if phase
continuity is assumed. In 1982, Itoh analyzed the 1-D
phase unwrapping problem and showed that the wrapped
phase gradient modulo 2p are the same as the correspond-
ing true phase gradient if the latter is less than p in radian
everywhere (4). This fact implies that given the above
condition, the unwrapped phase can be obtained by inte-
grating the modulo wrapped phase gradient. This result is
summarized in Lemma 1.1 with respect to sampled phase
values.

Lemma 1.1. Let

Dfn¼fn � fn�1; Dcn¼cn � cn�1; ð4Þ

where fn and cn represent the true and wrapped phase
value, respectively. If the smoothness condition

jDfnj�p ð5Þ

is satisfied, then

Dfn¼W ðDcnÞ: ð6Þ

The above property provides a straightforward way to
unwrap the phase-by-phase integration if Equation 5 is
satisfied. Figure 3b shows the unwrapped results of Fig.
3a in the Young’s experiments based on Lemma 1.1. How-
ever, undersampling and noise could violate the smooth-
ness condition and result in unwrapping errors. Figure 4
demonstrates how these two factors affect the unwrapping
results. In Fig. 4a, the sampling rate is so low that Lemma
1.1 fails to give the correct phase signal. Figure 4b shows
the unwrapping results with two different signal-to-noise
ratios (SNRs), which are defined as the ratio between the
signal power to the noise power of the complex signal. It
demonstrates that the SNR needs to be sufficiently high to
unwrap the phase successfully.

1.1.2. Two-Dimensional Phase Unwrapping. We repre-
sent 2-D phase values at pixel (m, n) by fm,n. Similarly
to Lemma 1.1, we have the following result for 2-D phase
functions.

Lemma 1.2. Let

Dxfm;n¼fm;n � fm�1;n; Dyfm;n¼fm;n � fm;n�1;

Dxcm;n¼cm;n � cm�1;n; Dycm;n¼cm;n � cm;n�1:
ð7Þ

If the following inequalities hold

jDxfm;nj � p and jDyfm;nj � p; ð8Þ

then

Dxfm;n¼W ðDxcm;nÞ;

Dyfm;n¼W ðDycm;nÞ:
ð9Þ

(a) (b)

Figure 3. The (a) wrapped and (b) unwrapped
phase of a 1-D interference wave of the Young’s
experiment. Note that (b) exactly recovers the
desired true phase.
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The above result suggests that 2-D phase unwrapping
can also be done by phase integration provided that the
condition in Equation 8 is met. When the condition is vi-
olated, as is often the case in practice, the integration re-
sults will depend not only on the beginning and end
points, but also on the chosen path of the line integral
(5), which is illustrated in Fig. 5a, where phase values are
shown in a gray scale ranging from � p (black) to p
(white). Visual inspection of the fringes shows that the
unwrapped phase of the central pixel is the same as the
wrapped one if the line integral follows the path of the
solid line. However, if the line integral is along the dashed
line, the unwrapped phase of the same pixel is the
wrapped plus 2p. This inconsistency is known as the
path-dependent problem in 2-D phase unwrapping.

Lemma 1.3 (6) lists several ways to test whether the
integration of the phase gradients is path-independent.

Lemma 1.3. Any of the following equivalent conditions
must be satisfied to ensure that the line integral of the
field represented by WðDcx

m;nÞ~xþW ðDc
y
m;nÞ~y is path-inde-

pendent, where ~x and ~y are the unit vectors in the x and y
directions.

* A single-valued scalar function fm,n exists such that

WðDxcm;nÞ~xþW ðDycm;nÞ~y¼Dxfm;n~xþDyfm;n~y:

*

P
C½W ðDxcm;nÞþW ðDycm;nÞ� ¼ 0, where C denotes

any closed path.
* DyWðDxcÞ � DxWðDycÞ.

In practice, the above conditions are seldom satisfied,
and therefore, Lemma 1.2 cannot be used directly for
phase unwrapping.

Accordingly, if unwrapping is path-dependent,P
C½W ðDxcm;nÞþW ðDycm;nÞ� is not always zero. The non-

zero value is known as the residue (7). It can be caused by
noise, spatial undersampling, or discontinuity in the orig-
inal phase. A simple way to detect residues is to sum
around every smallest possible closed path (say, a 2 � 2-
sample path) in the entire phase image (8). The residues
can be either positive or negative 2p. Figure 5b shows an
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Figure 4. If the wrapped phase of Fig. 2 is undersampled, the
resulting (a) unwrapped phase is incorrect. If the wrapped phase
is noisy, it can be unwrapped correctly if the SNR is sufficiently
high as shown on the top of (b), but it fails when SNR is low as
shown at the bottom of (b).
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Figure 5. To illustration of the (a) path-de-
pendent problem shows a wrapped phase im-
age where the values are shown in a gray scale
ranging from �p (black) to p (white). The
dashed path and the solid path have the
same beginning and ending points, but they
can result in different unwrapping results: The
unwrapped phase of the central pixel keeps
the same if unwrapping follows the solid path,
but it adds 2p if unwrapping is along the
dashed line. The path-dependent problem is
from the existence of two residues with oppo-
site polarities at the locations annoted in (b).
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exemplary pair of residues with opposite polarities.
Knowledge of the locations and the polarities of the resi-
dues can help avoid the path-dependent problem by choos-
ing the integration path properly. Therefore, although 2-D
phase unwrapping is more challenging than 1-D, it has
more information to reduce noise sensitivity. For example,
in the 1-D case, a phase unwrapping error at a single point
will propagate to the rest of the unwrapped phase signal
along the integration path, whereas the error could be
avoided in 2-D because of the existence of multiple inte-
gration paths. By the same token, higher dimensional
phase unwrapping can be even more robust to noise with
the increased dimensionality. Recent development in
three-dimensional (3-D) and N-DAU:1 phase unwrapping has
revealed these encouraging opportunities (9–11).

1.1.3. Characteristics of Phase Noise. The statistical
properties of phase noise depend on several factors. Sup-
posing additive Gaussian noise exists with zero mean and
variance s in both the real and the imaginary part of a
complex image, the corresponding phase noise y of the
complex image is also additive and obeys the following
probability distribution (12):

pðyÞ¼
expð�V2

0=2s
2Þ

4p2
þ

V0 cos y

ð2pÞ3=2s

� exp �
V2

0 sin2 y
2s2

 !
Q

V0 cos y
s

� �
;

ð10Þ

where V0 are the magnitude of the clean image and
QðaÞ¼ 1ffiffiffiffi

2p
p

R a
�1

e�x2=2 dx. Note that the density function
depends on the SNR, denoted by (V2

0=2s
2) in decibels.

Figure 6 shows some examples of how SNR affects the
shape of the density function.

Phase noise is an important source of residues. The to-
tal number of residues is statistically one third of the
number of pixels in a totally random phase map (9). These

residues usually need to have an equal number of positive
and negative signs for unambiguous phase unwrapping.

1.1.4. Congruent Test. The true phase is usually unob-
tainable in practice. As a result, a congruent test is often
used to validate the results of a phase unwrapping algo-
rithm. This test is motivated by the fact that WðF�
CÞ ¼0 for the true phase and replaces F with the estimat-
ed unwrapped phase F̂ to check if the relation still holds.

2. PHASE UNWRAPPING ALGORITHMS

2.1. Literature Review

Much work has been done on 2-D phase unwrapping,
which has resulted in many practical algorithms. For con-
venience, we may group these methods into three main
categories: minimum-norm, branch cuts, and network
flow methods, although several techniques that do not fit
naturally into the above three categories [e.g., the tech-
niques using ‘‘Cellular automata’’ (5), temporal phase un-
wrapping (13), and 3-D (9,10) or N-D phase unwrapping
(11)].

The minimum-norm methods formulate the phase un-
wrapping problem in a generalized minimum-norm sense.
They seek a phase function whose unwrapped phase gra-
dients are both path-independent and as close as possible
to the measured wrapped phase gradients. If the L2 norm
is used to measure the fitting error (as is done in the least-
squares methods), the optimization problem has an ana-
lytical solution, which is given by the discrete form of
Poisson’s equation with Neumann boundary conditions.
The unweighted least-squares method can be efficiently
implemented using the fast Fourier transform (FFT) (14),
discrete cosine transform (DCT) (15), or multigrid meth-
ods (16). When some reliable predetermined quality map
is available, the error function can be weighted pixel-by-
pixel by the quality map to reduce the effects of back-
ground noise and unreliable pixels. The weighted least-
squares problem is usually solved by iterating the un-
weighted method (17), and hence, it is slower than the
unweighted counterpart. Performance of these methods is
also heavily dependent on the quality of the weighting
matrix. A generalized Lp-norm method (8) has been pro-
posed to use data-dependent weights, which iteratively
solves for unwrapped phased and updates the weights.
This method has proven to be effective, but it is computa-
tionally demanding. Some least-squares methods also in-
volve the use of an explicit phase model, for example, a
polynomial model (18). To satisfy the congruent test, the
model error (assumed to be in the principal value range) is
added back to the final solution (18).

The branch-cut algorithms restrict the integration
through the image to paths without discontinuities (7).
Specifically, these algorithms assume that phase discon-
tinuities lie on the paths between the positive and the
negative residues, known as branch cuts. A unique, self-
consistent unwrapped phase function can result by select-
ing an integration path that avoids these discontinuities.
Several algorithms have been proposed to search the
phase image only once for the optimal branch cuts. De-
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Figure 6. Distribution of phase noise at different SNRs.

Shankar gkramu / Art No. ebs1356 1^12

4 PHASE UNWRAPPING



pending on definition for optimality, some attempt to min-
imize the sum of the cut lengths (19), or to take advantage
of the information from the particular application (9), and
other algorithms use a quality map to assist selection of
branch cuts based on region growing methods (20). Hybrid
algorithms combining both the branch-cut and the region
growing methods have also been proposed with some suc-
cess (21).

Similar to the branch-cut methods, the network flow
methods (22,23) are based on the same assumption that
phase discontinuities lie on the paths between the positive
and the negative residues. The difference is that instead of
avoiding these discontinuities, the network flow methods
explicitly quantify the discontinuities pixel by pixel and
then minimize the overall discontinuities in the un-
wrapped phase image. Additional information such as a
quality map can also be incorporated into the algorithm
(24). Minimum and maximum spanning tree methods
have been used to simplify the network flow (25–27),
which leads to computationally efficient methods (28).
More recent phase unwrapping methods in this category
employ statistical costs for minimizing the discontinuities
(29–32).

2.2. State-of-the-Art Algorithms

This section provides a summary of the algorithmic details
of several state-of-the-art algorithms and a brief discus-
sion of their strengths and limitations.

2.2.1. Least-Squares Methods.
2.2.1.1. Procedure. The least-squares methods find the

unwrapped phase that minimizes the following cost in a
least-squares sense:

J¼ jjDfx
�W ðDcx

Þjj þ jjDfy
�W ðDcy

Þjj: ð11Þ

To achieve the minimization, the FFT-based unweighted
least-squares method first extends the wrapped phase to a
periodic function ~c by performing a mirror reflection
about the last row and the last column of the image. The
unwrapped counterpart ~f of the periodic extension is then
obtained by solving the discrete form of a Poisson’s equa-
tion, whose solution can be efficiently found through the 2-
D inverse FFT of

Pm;n

2 cosðpm=MÞþ 2 cosðpn=NÞ � 4
; ð12Þ

where Pm,n is the 2-D FFT of ~rm;n, which is defined as

~rm;n¼ ðW ðD ~c
x
m;nÞ �W ðD ~c

x
m�1;nÞÞ

þ ðW ðD ~cy
m;nÞ �W ðD ~c

y
m;nÞÞ:

ð13Þ

Finally, the unwrapped phase is given by restricting the
obtained ~f to the original image size.

2.2.1.2. Strengths and Limitations. The unweighted
least-squares method is very fast because of the use of
FFT, which in turn requires the dimensions of the

wrapped phase image to be powers of two. However, the
solution can be sensitive to the presence of residues, and
the corruption can spread throughout the image. In addi-
tion, the resulting solution fails the congruent test and
typically represents a smoother solution than what the
data can conceivably support. Therefore, the least-squares
algorithm is generally not suitable in applications with
sharp features unless a reliable quality map can be ob-
tained and incorporated into a weighted version of the al-
gorithm; in which case, the computational complexity has
to be compromised.

2.2.2. Branch-Cut Methods.
2.2.2.1. Procedure. In the branch-cut methods, we

search for residues and balance them in a region by con-
necting opposite polarities with branch cuts. Thus, am-
biguous unwrapping is avoided if, and only if, the
integration occurs along any path that does not cross
branch cuts. It is nontrivial to choose good branch cuts
from the many ways to balance polarities. Wrapped phase
values cannot prefer any set of branch cuts without an-
cillary information. In addition to balanced residues, some
criteria must be established to guide the placement of
branch cuts. A common criterion is to connect residues in
such a way that minimizes the net length of branches. To
achieve this minimization, the method constructs sets of
locally connected and balanced branch cuts. Specifically, it
begins with finding an unvisited residue and connecting to
its nearest residue neighbor, regardless of polarity, using a
branch cut. If the neighbor has not been visited previously,
its polarity is added to the net sum for the current local
branch-cut set. Otherwise, it is marked as visited to avoid
its polarity being counted multiple times. The visit of
neighbors continues until the net sum is neutral, or it
reaches the image border; in which case, a branch cut is
placed to the border. The residues in the local neighbor-
hood are then designated balanced by the branch cuts. The
algorithm then searches for another unvisited residue and
constructs a new set of branch cuts until the entire image
is visited. Refinements of this algorithm have included
using a quality map to guide the search strategy, in which
the visit starts from the high-quality pixels.

2.2.2.2. Strengths and Limitations. The branch-cut
methods visit every pixel only once, and thereby they
are extremely fast and require little memory. The compu-
tational time is close to that of the unweighted least-
squares methods. And in many cases, the methods provide
a robust and efficient unwrapping solution for images with
low phase noise. However, the solution can be spatially
incomplete in regions with large noise because the opti-
mization in the branch-cut methods is performed on a lo-
cal rather than on a global basis.

2.2.3. Network Flow Method.
2.2.3.1. Procedure. In this method, the phase unwrap-

ping problem is regarded as minimization of the cost of a
network flow. To construct a network, each local closed
path used to evaluate the residues is defined as a node in
the network. The nodes are connected by directed arcs
whose direction is determined by the polarity of the res-
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idues. The pixels lie between the network arcs and the
nodes. Associated with each arc is a flow that moves from
nodes with positive residues to those with negative ones.
The flow in phase unwrapping corresponds to the integer
multiples of 2p to be added to the wrapped phase gradient.
The unwrapping problem looks for an optimal flow in each
arc that minimizes the sum of costs for all arc flows, in
which the cost per unit flow assigned to each arc is a crit-
ical design parameter in the optimization process and is
kept low in general at the place of a real discontinuity or
noisy regions. With the optimal flow, calculating the un-
wrapped phase is to sum along any paths the phase gra-
dient, which is adjusted if there is a flow in the arc
crossing the path of integration.

2.2.3.2. Strengths and Limitations. Because the network
flow method searches for a global optimal solution, it per-
mits robust phase unwrapping in many cases of isolated
areas of low noise, even without use of a quality map. If a
reliable quality map is available, it can be easily incorpo-
rated into the algorithm by assigning a spatially depen-
dent cost per unit flow. Despite these advantages, the use
of this method is limited by its intensive memory usage
and its large computational complexity, which is also im-
age dependent.

2.2.4. Simulations. A synthetic dataset was used to
study the robustness of each algorithm to undersampling
and noise, where the original true phase is assumed to be
a 2-D Gaussian but truncated with a steep slope plane, as
shown in Fig. 7, and its wrapped phase satisfies Equation
8 and therefore can be unwrapped perfectly.

2.2.4.1. Undersampling. When. the wrapped phase im-
age is undersampled, as shown in Fig. 8a, the gradient of
the slope plane becomes greater than p, which causes the
path-dependent problem. To demonstrate the performance
of the algorithms described in this section, we apply the
unweighted least-squares, Goldstein’s branch-cut, and
Flynn’s minimum discontinuity algorithms as representa-
tives in each category to unwrap the phase, and the un-
wrapping results are shown in Fig. 8b–d, respectively. The
results show that both the least-squares method and the
branch-cut method fail to unwrap the phase correctly at
the location of undersampling. Compared with the least-
squares method, the error of the branch-cut method is
more localized and is a multiple of 2p. In contrast, the
Flynn algorithm can unwrap the phase exactly.

2.2.4.2. Noise. When additive noise is present, the
wrapped phase becomes WðFþnÞ, where n is the addi-
tive white Gaussian noise. The noisy wrapped phase of
Fig. 7 is shown in Fig. 9a. As noise increases, the total
number of residues increases, which results in high devi-
ation of the unwrapped phase from the true phase.

Figure 9b–d show the unwrapped results of the un-
weighted least-squares, Goldstein’s branch-cut, and
Flynn’s minimum discontinuity algorithms. In the pres-
ence of large noise, the least-squares approach fails com-
pletely because it cannot detect the edges of the
interferogram from the smoothing effects, and the

branch-cut method results in block errors because the res-
idues become difficult to balance. Compared with these
two methods, Flynn’s algorithm gives the best results.

3. APPLICATIONS IN MAGNETIC RESONANCE IMAGING

Among many applications of phase unwrapping, this ar-
ticle only focuses on the applications in MRI. In most clin-
ical study, MRI is only limited to providing magnitude

Figure 7. A synthetic dataset used as the original true phase to
test the performance of different algorithms.

(a) (b)

(c) (d)

Figure 8. When the wrapped phase image in (a) is undersam-
pled, the phases unwrapped by the (b) least-squares and the (c)
branch-cut method have artifacts at sharp edges. The (d) Flynn
method is observed to perform well.
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images. In fact, the phase of MR images also carries rich
information about field inhomogeneity, velocity of blood
flow, temperature variations, chemical shifts, and so on.

3.1. Field Inhomogeneity Mapping

The field inhomogeneity is an important cause of distor-
tion in MRI. If it cannot be kept low enough, the inhomo-
geneity should be measured so that some form of
correction scheme can be applied.

The field inhomogeneity map is obtained from the
phase information of the image reconstructed using the
echo time encoding technique. Specifically,

Eðx; yÞ¼ �
fx; y

gDt
; ð14Þ

where field inhomogeneity term E(x, y) denotes the field
difference from B0 at point (x, y), fx,y is the phase of the
complex image, and Dt is the time interval between the
radio-frequency (RF) echo center and the gradient echo
center. It is observed that by choosing appropriate Dt, the
field inhomogeneity is obtained from the phase so that the
distortion can then be corrected. However, if Dt is chosen
such that the phase fx,y is not always within one cycle of
2p, phase unwrapping is necessary because only cx,y can
be directly obtained from the argument of the complex
image Îðx̂; ŷÞ.

Field inhomogeneity can be caused by several factors.
Static B0 field inhomogeneity is present in most MRI sys-

tems. Other important causes include chemical shift and
susceptibility effects. The B0 field inhomogeneity is usu-
ally small within the imaging region and is slowly varying
in space; therefore, most phase unwrapping algorithms
can handle this type of field inhomogeneity. On the other
hand, the susceptibility effects cause the field to change
rapidly in space, which results in complications in phase
unwrapping. Figure 10 presents a challenging unwrap-
ping example, where Fig. 10a shows the phase of an MRI
head image using a gradient-echo sequence at 1.5 T. It is
seen that the air–tissue interface (e.g., the nasal and oral
cavity areas) is difficult to unwrap because of the suscep-
tibility effects. Figure 10b shows the unwrapped phase
using the least-squares method. The method generates a
smooth field map, but it may not correctly represent all
field variations.

3.2. Phase-Sensitive Inversion Recovery

In MRI, inversion recovery imaging is one of the most
useful techniques to improve image contrast. Instead of
the conventional magnitude image, inversion recovery of-
ten requires display of the real part of a complex image
because the contrast enhanced image often contains neg-
ative values. However, in practice, phase errors from filed
inhomogeneity and data sampling window offset usually
need to be corrected before the display to avoid loss of
contrast and polarity artifacts (33). Phase unwrapping
techniques can be used to estimate and thereby correct the
phase errors. Figure 11a shows the inversion recovery im-
age of a brain without phase correction, in which the in-
tensity is slowly modulated by the phase errors. Figure
11b is the corresponding image after phase correction, in
which the phase error is estimated using the least-squares
method. The image improvement demonstrates the neces-
sity of phase estimation and correction.

3.3. Flow Imaging

The first work for motion detection of seawater by nuclear
magnetic resonance was done by Hahn (34), which was
followed by its first MRI application (35). After additional
work by Van Dijk (36) and Bryant et al. (37), phase-shift
velocity mapping has become an important clinical tool for
quantitative in vivo flow measurement in large vessels.

(a) (b)

(c) (d)

Figure 9. Because of noise in the complex signal, the obtained (a)
wrapped phase is difficult to unwrap. Comparison of unwrapping
results using the (b) least-squares, the (c) branch-cut, and the (d)
Flynn’s methods shows that the Flynn’s method is more robust.

(a) (b)

Figure 10. (a) Phase image of an MR head image and (b) the
corresponding field map obtained using phase unwrapping.
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The technique relies on the fact that the transverse mag-
netization of spins moving in the direction of a field gra-
dient exhibits a motion-related phase shift. Specifically, if
constant velocity motion is assumed, a phase shift is cre-
ated by the transverse magnetization and is proportional
to the scalar product of velocity v and the first moment of
the time-varying gradient field G(t); i.e.,

Îðx; yÞ¼ Iðx; yÞejgvðx; yÞ�
R T

0
tGðtÞdt: ð15Þ

The velocity of the moving spins along the direction of G
can be inferred by

vðx; yÞ¼
fx; y

g
R T

0 tGðtÞdt
: ð16Þ

Again, if the phase fx,y is not always within one cycle of
2p, phase unwrapping is necessary. Figures 12a and b
show the phase map of a velocity-encoded image of blood

vessels and the corresponding velocity map using Flynn’s
unwrapping method, in which the top two bright circles
denote the blood flows toward the reader and the lower
dark circle denotes the opposite. Theoretically, phase un-
wrapping can be avoided by properly choosing G(t) as de-
scribed in the next section. However in practice, when the
velocity distribution has substantial spatial or temporal
variations, phase wrapping is unavoidable.

3.4. Effect of Imaging Parameters

Selection of imaging parameters is important to measure
the field inhomogeneity or flow velocity accurately using
phase. For example, in flow imaging, the gradient wave-
form G(t) is the imaging parameter to be chosen carefully.
It can be neither too large because of the increased phase
unwrapping challenge nor too small because of noise am-
plification. According to Equation 16, phase shifts fx,y do
not need to unwrap if the maximum possible velocity is
less than ðp=g

R T
0 tGðtÞdtÞ, the so-called VENC AU:2. If the ve-

locity values exceed this limit, phase wrapping occurs,

(a) (b)

Figure 12. In flow imaging, the (b) velocity map is obtained
through unwrapping the phase in (a). The bright circles denote
flow with positive direction, and the dark circle denotes a negative

one.

(a) (b)

Figure 11. Inversion recovery image (a) before and (b) after
phase correction.

(a) (b) (c)

(d) (e)

Figure 13. A (a) parabolic profile is used to
simulate idealized laminar flows. When a large
VENC is used to encode the velocity to the
wrapped phase in (b), unwrapping is hardly
needed to acquire the (c) velocity map. For a
small VENC, there are closely spaced fringes in
the (d) wrapped phase, which makes unwrap-
ping more challenging. However, the resulting
(e) velocity map has reduced noise.
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which means that to avoid phase unwrapping, a large
VENC or a small G(t) is preferred. On the other hand, a
large VENC amplifies the random noise and sacrifices ve-
locity sensitivity, which is crucial in most clinical practices
where the velocity is required to be quantified. Therefore,
there is a tradeoff between high sensitivity (low noise) and
phase unwrapping accuracy. Figure 13 illustrates this
tradeoff in flow measurement. A parabolic profile is used
to simulate idealized laminar flows, as shown in Fig. 13a.
When a large VENC is applied, phase wrapping can be
avoided, as shown in Fig. 13b, but the corresponding ve-
locity map in Fig. 13c has large noise. With the same SNR
in the complex MR signal, small VENC reduces noise in
the velocity map as in Fig. 13e when the least-squares
method is used, although the closely spaced phase fringes
shown in Fig. 13d present difficulty in phase unwrapping.
General knowledge about the velocity range in different
parts of the cardiovascular system is usually used to de-
termine a suitable G(t) and T for flow imaging. However, a
correct velocity range is not always easily predictable, es-
pecially for patients with altered cardiovascular morphol-
ogy or function (38), which makes powerful phase
unwrapping algorithm indispensable.

4. CONCLUSIONS

The phase unwrapping is not a new topic; it has been
studied for several decades. Interested readers should re-
fer to Ref. 8 for detailed descriptions and source codes of
various established algorithms. It is apparent that phase
unwrapping is a difficult task. In practice, additional in-
formation is usually required to obtain the desired results.
How to successfully incorporate additional information is
still an open issue and is application-dependent. The re-
searcher must have a thorough understanding of the
physical problem underlying phase unwrapping. With
the rapid development of MRI, the information in phase
will be more highlighted and used. The future of phase
unwrapping is promising but also challenging. With con-
tinued advancements, phase unwrapping will find more
engineering applications and lead to new discoveries.
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ABSTRACT

Phase unwrapping is the reconstruction of the original
true phase of a wave from its modulo 2p values. It origi-
nates in a variety of applications, such as synthetic aper-
ture radar, magnetic resonance imaging, and adaptive
optics. In this article, the problem of two-dimensional
phase unwrapping is defined and the challenges are ad-
dressed. A variety of established approaches to the prob-
lems are reviewed and compared, and their advantages
and disadvantages are discussed. Among the many phase
unwrapping applications, the article focussed on magnetic
resonance imaging and explains how phase unwrapping is
used in field mapping, inversion recovery, and flow imag-
ing.
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